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1. Extension of the Approach to multiple random variables
A brief version of this extension has been presented in Section V-C of the revised
manuscript
It is possible to extend our formulation to multiple random variables, the derivations and the
nature of the results would change accordingly. In this rebuttal, we give a detailed derivation that
extends the concepts to three random variables wy, wo and ws. We also demonstrate the following

observations:

e The nature of the solution does change when the number of random variables under consider-
ation is increased from two to three. In particular, we observe that incorporating additional
random variables leads to conservative solutions in the sense of increase in optimal cost for

the same chance constraint probability 7.

e We also observe that in spite of increase in conservativeness, the proposed formulation based

on RKHS still outperforms existing approaches discussed in the revised manuscript.

Before we get into the derivations and its evaluations, we state certain prerequisites that reflect
the the changes in the theory when we incorporate an additional random Variable ws. All the
definitions are taken from the revised manuscript.

Definition of Chance Constraints: The definition of the basic chance constrained optimiza-



tion (equations 1(a)-1(c)) would now be :

min g(u), (1a)

pe(u) >, (1b)

u € F, (1c)

pe(u) = P(f(wq, wo, wg,u) < 0) (2)

The function g(u) is the user defined cost. P(.) represents probability and f(.) is the constraint
function which depends on the decision variable u and uncertain parameters, wi,wo, w3. The
dependence of f(.) on both wi,wy ;w3 and u could possibly be highly non-linear and non-convex.
However, we assume f(.) to be separable in w.

Definition Of Kernel Mean Embedding Based on the definitions of Kernel Mean Embedding,

(equation (6) of the revised manuscript) now gets modified into:

Hop s (u) = Z Z aiﬁj"/mk(f(wi7w%vw?7u)ﬂ ')7 (3)

where, o;,8; and 1y, are the weights associated to w1, wy ,w3 computed through reduced set meth-
ods.

Reduced set Methods: The revised manuscript has the reduced set described for two random
variables wy and wy (Section II-C). The weights «; and 3; corresponding to wy and wq are derived
in equations (9)-(10). The extension for the weights of ws follows these definitions exactly and can

be expressed below as:

i=N m=n

1 . m _
v =argmin || 3 k(W' ) = 0 k(w5 |25 v =1, (4)

i=1 m=1

where w3, W3..W3 represent N i.i.d samples of w3 and w}..w4 represent a reduced set of n samples.
It is again implied that n << V.
Algebraic form of Constraint Function and its corresponding Embedding: The constraint

functions in the revised manuscript (equation (11)) is now modified to:



1
Fwi,Wa, wa,u) = hi(wi, W, wa)u’ (5)
i=0
where, h;(wi,wa,w3),R" — R is a generic possibly non-linear function of wi, wy, w3, while u’

represents a monomial of order i.The kernel mean embedding of f(w1,ws, ws, u), would now take

the form:

i, (u Z in, v’ (6)

1=0

i=n j=nm=n

Hh; —ZZ Z zﬁj')/m W17W27W3) ) (7)

=1 j=1 m=1

Construction Of Desired Distribution: Based on all the above definitions, the construction of
the desired distribution would change accordingly. The optimization problem used to solve for w,om

(eqn. (16a)-(16c)) can be now modified as:

Unom = arg min g(u) (8a)
f(Vvi,vA\?é,van,u) <0,Vi=1,2.nw,, 5 = 1,204, m =1,2.0y, (8b)
ueF (8c)

The kernel mean embedding of the desired distribution can now be computed in the following

manner:
1= Ny j:an M=Nwg
~ ~1 ~j ~m
pes = E § E Ai&jPmk( W17W25W3 35 Unom ) JW1, Wy, Wy € Cw,,Cay, Cwy (9)
i=1 j=1 m=1

Where, )\;,&; and ¢, are constants derived from the reduced set methods described in Section II-C
of the revised manuscript.

Main Derivation:

Based on the discussions above we extend the derivations of section ITI-E as follows to incorporate

the random variable w3: We have



”:U’Pf (u) = Hipdes 2= </1’Pf (u) = Hipdes s fpy (u) — Mp‘}“)
= </‘Lh0 + Hh U+ :u‘h2u27 Hho + Hh U+ ﬂh2u2>

—2(ptny + fh, w + Iu,hzu27 prdes> + <up4}zes,,up4}zes> (10)

Expanding (un, + fin, u + pin, 0%, fing + payu + pn,u?), we get

n n n

U4<ZZZalﬂ]’ymk(hg(WLW%,W?), )722 Z alﬁj’ymk(hz(wi’wévw‘gnh )>

222 222
+2u3<f;fjl fjlaimmkmz(wi,w;,w;”), ) ZZ iaiﬁﬂmkmawi,wgw?), )
== 2202
+2u2<f;2n; Xn:laiﬂijk(h2(Wli7W§,W§")v )ZZ zn:lazﬂﬂmk(hO(Wiawé»W?% 2
222 222
+u<ZZ iaiﬁﬂmuhl(wi,wg,wm >ZZ iaimmk(hl(wi,w;‘,w?), »
222 222
m(ii iaiﬁﬂmkml(wi,wé,wsﬂx )ZZ z"jlaiﬁmeho(wi,w;yw;"), )
222 222
+<22 iaiﬁijk(hO(W§7W]§,W§n)v >ZZ ilammk(ho(wi,w;,w?), N
222 222

Using the kernel trick [I] reduces to the following expression

4 T 3 T 2 T
u Caﬂ"/KhzfmCaB'y +2u CaB'YKh2hlcaB’y +2u Caﬂ’YKh2hoca6’y

2 T
+u”Capy Ky hy Capy + 2UCap Ky noCasy + CaprKnonoCasns (12)

where,

Capy = [05161’717 “ey alﬁn’Y’rn 05261'71’ -nanﬁnr}/n]lx(n*n*n) (13)



111 112 113 11n
hi,hj hi,hj Khj,hj R Kh,y,hj
121 122 123 12n
Khiahj Khi,hj Khishj o Khivhj
131 132 133 13n
hi,hj Khi,hj Kh,i,hj ot Kh“hj
Khin, = . . . (14)
Inl In2 In3 Inn
hi,h; hi,h; hihj ot hi,h;j
nnl nn2 nn3 nnn
Khiyhj Khi-,hj Kh'hhj o hih;

abc
Khihj -

k(hi(wi, w3, wi), hy(wi, w3, w3))..  k(ha(wi, w3, wi), hy(wi, w3, wh)).. k(hi(wi,wh,wg), hj(wi, wh, wh))

k(hz(w%7wl§aw§)ahj(wi7wéaw}'))) k(hl(W%,Wg,Wg),hJ(Wi,W%,Wg)) k(hl(wtllywléaw§)7hj(wi7Wgaw§))

k(hl(wlll’ w%’ w?)v hj (Wi, W%, Wé)) k(hl(wlllv WZ7 Wg): h'j (wfv W%, Wg)) k(hl(w%v w37 Wg): h’j (va ws: Wg)) 5
nxn
(15)
Following a similar process, the second term, 2(up, + fin, u + pn,u?, up}ies> reduces to
T 2 T T
2(CapyKn, et + CapyKn, rCiggt + CapyKig rCh¢s) (16)
Where,
Capy = (18171, s 1 BnYn, @211 s Un BV 1X (nensn)
Crep = [M& D1, s M&ndn, A2&101, o, ABuVnl1X (g, 5710wy #11wy )
Kitly KiK. K
KIZ, KIZ, K, .. KU
Knp=1| . . e (18)
Kl K, Ki, o K
Kimh, Kirh, Kird, .o K

(n3) X (Nwy *Newy *Nwg)



b
K5 =

—~ — —~ N - _ _ _nw _Nw
k(hi(w$, wh, wh), £(&5, %3, W3, unom)), . k(h;(w§, w8, wd), £(w§, @3, %33 wnom)... k(h;(w§, w8, wd), F(&§, %, "2, w5 "3, unom))

~ ~ ~ _ ~ _w ~ . w _w
k(hy(w§, wh, wd), f(w§, %1, %L, unom)), .. k(h;(w§, wh, wd), f(w§, %1, %33 unom))... k(h;(w§, wh, wl), (%5, %w,"2, w373, unom))

e 4w . o mwe _nw
k(hg(w§, wh, wh), (W], Wh, wi, wnom)), . k(hy(w§, wh, wh), f(w§, W, w33 unom)... k(h;(w§, wh, wi), F(w§, wy ™2, w3™3, unom))

nX Ny *nawg

(19)

Finally, the last term, <,U/p?es , /sz?es> in can be handled in a similar manner and thus the entire,

expression in (10) can be expressed as the following non-linear optimization problem

min p; (a1u? + agu® + azu? + aqu + as) + pag(u) (20a)

ueF (20b)

ar = CQBVKhzhzcz;Bw az = QClXﬂ"/Khzhl cg,é"y
_ T T T
a3 = 2€apyKnsngCapy + CapyKnini Capy = 2€apyKnarCiey
_ T T
a4 = 2CapyKhinoCopy = 2€Capy Kn, rCiey
T T T
a5 = CapyKnghoCapy = 2€apyKnorCrep + CrcoKrreicy
Numerical Evaluation:
We evaluate the effect of incorporating an additional random variable wj for the example of the
inverse dynamics based path tracking for a 2-link manipulator. We modify the definitions of the

constrained optimization problem presented in equations 39(a)-39(c) of the revised manuscript to

accommodate w3, as shown below:

arg Iél(ltf)l % I3 @(®)ét) + @), at))at) — ()3 (22a)
P(fi(wi, w2, w3, u1,uz) <0) >n (22b)
la(t)] < Gan (22¢)



The constraint f;(wy, wa, W3, ug, ug) are given below:

j=2
fi(wi, w2, W3, u1, uz) = Zhi(wl.wQ,W:s)uj(t) + hi(w1, wz, w3) <0
j=1
Vi=1,2 (23)
Wherevwl = (CI1 (t)7 CIZ(t))7W2 = ((h (t)qu(t))v (24)

W3 = (ll,IQ,ml,mQ,Tl,TQ,I,ZleZQ)

(u1, ug) = (G1(t), G2(t))

Here w3 is the collection of all the variables related to the physical dimension of the manipulator i.e,
l;,m; and r;, represent the length, mass and the width of the i*" link of the manipulator respectively
and Iz; represents the moment of inertia of the i*" link of the manipulator.

The results are summarized in the Fig In Fig we show the increase in the
optimal cost upon inclusion of more uncertainty in the problem through ws. Fig shows that
even with increase with uncertainty, our RKHS embedding based formulation outperforms existing
methods like scenario approximation and approaches based on surrogate constraints (3) of the

revised manuscript.
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Fig. 1 Figure 1(a):Shows the effect of incorporating ws into the proposed RKHS formulation.
It is clearly observed that as the constraints become stiffle, the average cost incurred is high
when ws is incorporated into the formulation. Figure 1(b) shows that inspite of the proposed
solution being conservative under the influence of ws, it still performs better than the other
methods like the scenario approach and the expectation - variance method mentioned in

equation (3) of the main paper.
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